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Abstract
We construct an Euler system of generalized Heegner cycles to bound the Selmer group
associated to a modular form and an algebraic Hecke character. The main argument is based on
Kolyvagin’s method adapted by Bertolini and Darmon [2] and by Nekova´rˇ [17] while the key
object of the Euler system, the generalized Heegner cycles, were first considered by Bertolini,
Darmon and Prasanna in [4].
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1 Introduction
Kolyvagin [14, 11] constructs an Euler system based on Heegner points and uses it to bound the size
of the Selmer group of certain (modular) elliptic curves E defined overQ, over imaginary quadratic
fields K assuming the non-vanishing of a suitable Heegner point. In particular, this implies that
rank(E(K)) = 1,
and the Tate-Shafarevich group X(E/K) is finite. Bertolini and Darmon adapt Kolyvagin’s de-
scent to Mordell-Weil groups over ring class fields [2]. More precisely, they show that for a given
character χ of Gal(Kc/K) where Kc is the ring class field of K of conductor c,
rank(E(Kc)χ) = 1
assuming that the projection of a suitable Heegner point is non-zero. More generally, one can
associate to a modular form f of even weight 2r and level Γ0(N) a p-adic Galois representation
Tp( f ) [13, 22]. For a given number field K, there is a p-adic Abel-Jacobi map
Φ f ,K : CHr(X/K)0 −→ H1(K,Tp( f )),
where
• X is the Kuga-Sato variety of dimension 2r− 1, that is, a compact desingularization of the
2r− 2-fold fibre product of the universal generalized elliptic curve over the modular curve
X1(N),
• CHr(X/K)0 is the r-th Chow group of X over K, that is the group of homologically trivial
cycles on X defined over K of codimension r modulo rational equivalence,
• H1(K,Tp( f )) stands for the first Galois cohomology group of Gal(K/K) acting on Tp( f ).
Nekova´rˇ [17] adapts the method of Euler systems to modular forms of higher even weight to de-
scribe the image by the Abel-Jacobi map Φ f ,K of Heegner cycles on the associated Kuga-Sato
varieties, hence showing that
dimQp(Φ f ,K(e f CHr(X/K)0)⊗Zp Qp) = 1
for a suitable projector e f , assuming the non-vanishing of a suitable Heegner cycle. In Article [8],
we combined these two approaches to study modular forms of higher even weight twisted by ring
class characters χ of imaginary quadratic fields and showed that
dimQp(Φ f ,χ ,K(e f ,χ CHr(X/K)0)⊗Zp Qp) = 1
for a suitable projector e f ,χ , assuming the non-vanishing of a suitable generalized Heegner cycle.
In this article, we study the Selmer group associated to a modular form of even weight r+ 2 and
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an unramified algebraic Hecke character ψ of K of infinity type (r,0). Our setting involves the
generalized Heegner cycles introduced by Bertolini, Darmon and Prasanna in [4].
Our motivation stems from the Beilinson-Bloch-Kato conjecture that predicts that
dimQp(Φ f ,ψ ,K(e f ,ψ CHr(W/K)0)⊗Zp Qp) = ords=r+1L( f ⊗θψ ,s),
where
θψ = ∑
a⊂OK
ψ(a)qN(a)
is the theta series associated to ψ [20, 13], W is a Kuga-Sato like variety, and e f ,ψ is a suitable
projector.
Let f be a normalized newform of level Γ0(N) where N ≥ 5 and even weight r+ 2 > 2. De-
note by K = Q(
√−D) an imaginary quadratic field with odd discriminant satisfying the Heegner
hypothesis, that is primes dividing N split in K. For simplicity, we assume that
|O×K |= 2.
Let
ψ : A×K −→ C×
be an unramified algebraic Hecke character of K of infinity type (r,0). There is an elliptic curve
A defined over the Hilbert class field K1 of K with complex multiplication by OK . We further
assume that A is a Q-curve, that is A is K1- isogenous to its conjugates in Aut(K1). This is possible
by the assumption on the parity of D, (see [9, Section 11]). Consider a prime p not dividing
NDφ(N)NANψ , where NA is the conductor of A and Nψ is the conductor of ψ . We denote by
Vf the f -isotypic part of the p-adic e´tale realization of the motive associated to f by Scholl [22]
and Deligne [7] twisted by r+22 and by Vψ the p-adic e´tale realization of the motive associated to
ψ twisted by r2 . More precisely, Vψ is the ψ-isotypic component of the first Galois cohomology
group of
resK1/Q(A) = ∏
σ∈Gal(K1/Q)
Aσ
where Aσ is the σ -conjugate of A, (see Section 2 for more details). Let OF be the ring of integers
of
F =Q(a1,a2, · · · ,b1,b2, · · · ),
where the ai’s are the coefficients of f and the bi’s are the coefficients of the theta series
θψ = ∑
a⊂OK
ψ(a)qN(a)
associated to ψ . Then Vf and Vψ will be viewed (by extending scalars appropriately) as free OF ⊗
Zp-modules of rank 2. We denote by
V =Vf ⊗OF⊗Zp Vψ
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the p-adic e´tale realization of the tensor product of Vf and Vψ and let V℘ be its localization at a
prime ℘ in F dividing p. Let OF,℘ be the localization of OF at ℘. Then V℘ is a four dimensional
representation of Gal(Q/Q) over OF,℘ with coefficients in
End(ResK1,Q(A)/Q) =⊕σ∈Gal(K1/Q)Hom(A,Aσ ),
(see Section 2).
By the Heegner hypothesis, there is an ideal N of OK satisfying
OK/N = Z/NZ.
We can therefore fix Γ1(N) level structure on A, that is a point of exact order N defined over the ray
class field L1 of K of conductor N . Consider a pair (ϕ1,A1) where A1 is an elliptic curve defined
over K1 with level N structure and
ϕ1 : A −→ A1
is an isogeny over K. We associate to it a codimension r+1 cycle on V
ϒϕ1 = Graph(ϕ1)r ⊂ (A×A1)r ≃ (A1)r ×Ar
and define a generalized Heegner cycle of conductor 1
∆ϕ1 = erϒϕ1 ,
where er is an appropriate projector (1). Then ∆ϕ1 is defined over L1. We consider the corestriction
P(ϕ1) = corL1,KΦ f ,ψ ,L1(∆ϕ1) ∈ H1(K,V℘/p)
where Φ f ,ψ ,L1 is the p-adic e´tale Abel-Jacobi map. The Selmer group
S ⊆ H1(K,V℘/p)
consists of the cohomology classes which localizations at a prime v of K lie in{
H1(Kurv /Kv,V℘/p) for v not dividing NNANψ p
H1f (Kv,V℘/p) for v dividing p
where Kv is the completion of K at v, and H1f (Kv,V℘/p) = H1cris(Kv,V℘/p) is the finite part of
H1(Kv,V℘/p) [5]. Note that the assumptions we make will ensure that H1(Kurv /Kv,V℘/p) = 0 for
v dividing NNANψ . We denote by Fr(v) the arithmetic Frobenius element generating Gal(Kurv /Kv),
and by Iv = Gal(Kv/Kurv ).
Let h be the class number of K, and let a1, · · · ,ah be a set of representatives of the ideal classes
of OK . For a cohomology class c in H1(K,V℘/p), we define
cψ =
1
h
h
∑
i=1
ψ−1(ai) ai · c
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where ai ·c is the image of c by the map H1(K,V℘/p)−→ H1(K,V℘/p
/
V℘/p [ai]) induced by the
projection map
V℘/p −→V℘/p
/
V℘/p [ai].
Then (cψ)ψ = cψ and it is independent of the choice of representatives a1, · · · ,ah.
Theorem 1.1. Let p be such that
(p,NDφ(N)NANψ) = 1.
Suppose that V℘/p is a simple AutL1(V℘/p)-module and suppose that Gal(L1/L1) does not act
trivially on V℘/p. Suppose further that the eigenvalues of Fr(v) acting on V Iv℘ are not equal to
1 modulo p for v dividing NNANψ . Assume that P(ϕ1)ψ 6= 0 in H1(K,V℘/p)ψ . Then the ψ-
eigenspace of the Selmer group Sψ has rank 1 over OF,℘/p.
To prove Theorem 1.1, we first consider the p-adic e´tale realization of the twisted motive V
associated to f and ψ in the middle e´tale cohomology of the associated Kuga-Sato variety. This
provides us with a p-adic Abel-Jacobi map that lands in the Selmer group S. Next, we construct an
Euler system of generalized Heegner cycles which were first considered by Bertolini, Darmon and
Prasanna in [4]. These algebraic cycles lie in the domain of the p-adic Abel Jacobi map. In order to
bound the rank of the ψ-eigenspace of the Selmer group Sψ , we apply Kolyvagin’s descent using
local Tate duality, the local reciprocity law, an appropriate global pairing of S and Cebotarev’s
density theorem.
Our development is an adaptation of Nekova´rˇ’s techniques [17] and Bertolini and Darmon’s
approach [2]. The main novelty is that the algebraic Hecke character ψ is of infinite type. In
particular, the Galois representation associated to V is four-dimensional over OF,℘/p.
2 Motive associated to a modular form and a Hecke character
In this section, we describe the construction of the four dimensional Gal(Q/Q)-representation
V℘ = (Vf ⊗OF⊗Zp Vψ)℘,
where ℘ is a prime of F dividing p. Denote by Y1(N) the affine modular curve over Q parametris-
ing elliptic curves with level Γ1(N). Let j : Y1(N) →֒ X1(N) be its proper compact desingularization
classifying generalized elliptic curves of level Γ1(N). The assumption N ≥ 5 allows for the def-
inition of the generalized universal elliptic curve pi : E −→ X1(N). Denote by Wr the Kuga-Sato
variety of dimension r+1, that is a compact desingularization of the r-fold fiber product of E over
X1(N). We let W be the 2r+1-dimensional variety defined by
W =Wr×Ar,
where A is as in Section 1. We denote by [α ] the element of EndK1(A)⊗ZQ corresponding to an
element α of K. Given two non-singular varieties X and Y over a number field, the group of cor-
respondences Corrm(X ,Y ) = CHdim(X)+m(X ×Y ) is the group of algebraic cycles of codimension
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dim(X)+m on X ×Y modulo rational equivalence, (see [3, Section 2] for more details). Consider
the projectors
e
(1)
A =
(√−D+[√−D]
2
√−D
)⊗r
+
(√−D− [√−D]
2
√−D
)⊗r
, e
(2)
A =
(
1− [−1]
2
)⊗r
and
eA = e
(1)
A ◦ e(2)A
in Q[End(A)]r. These projectors e(1)A , e(2)A and eA belong to the group of correspondences
Corr0(Ar,Ar)Q = Corr0(Ar,Ar)⊗ZQ
from Ar to itself. Let
Γr = (Z/N⋊µ2)r ⋊Σr
where µ2 = {±1} and Σr is the symmetric group on r elements. Then Γr acts on Wr , (see [22,
Sections 1.1.0 and 1.1.1] for more details.) The projector eW in Z
[
1
2Nr!
]
[Γr] associated to Γr,
called Scholl’s projector, belongs to the group of zero correspondences Corr0(Wr,Wr)Q from Wr to
itself over Q, (see [3, Section 2.1]). Let
er = eW eA, (1)
be the projector in the group of zero correspondences Corr0(W,W )Q from W to itself over Q. We
consider the sheafs
F = j∗Symr(R1pi∗Zp) and FA = j∗Symr(R1pi∗Zp)⊗ eAHret(Ar,Zp).
Proposition 2.1. The e´tale cohomology group
H1et(X1(N)⊗Q,FA)
is isomorphic to
erH2r+1et (W ⊗Q,Zp)
and
H1et(X1(N)⊗Q,F )⊗ eAHret(Ar,Zp).
Also, we have
erH iet(W ⊗Q,Zp) = 0
for all i 6= 2r+1.
Proof. The proof is a combination of [22, theorem 1.2.1] and [4, proposition 2.4]. Note that the
proof in [22, theorem 1.2.1] involves Qp coefficients but it is still valid in our setting, (see the
Remark following [17, Proposition 2.1]).
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Let B = Γ0(N)/Γ1(N). We define
V˜ = eBH1et(X1(N)⊗Q,FA)(r+1)
where eB = 1|B|∑b∈B b. Given rational primes ℓ coprime to NNANψ , the Hecke operators Tℓ provide
correspondences on X1(N) [22], inducing endomorphisms of V˜ . Letting
I = Ker{T−→ OF : Tℓ 7→ aℓbℓ, ∀ℓ ∤ NNANψ},
we can define the ( f ,ψ)-isotypic component of V˜ by
V = V˜/IV˜ .
Hence, there is a map m : V˜ −→ V that is equivariant under the action of Hecke operators Tℓ,
for ℓ not dividing NNANψ and under the action of the Galois group Gal(Q/Q). The f -isotypic
component of eBH1et(X1(N)⊗Q,F )( r2 + 1) gives rise (by extending scalars appropriately) to Vf
and eAHret(Ar,Zp)( r2 ) gives rise to Vψ . They are free OF ⊗Zp-modules of rank 2. Hence,
V℘ = (Vf ⊗OF⊗Zp Vψ)℘
is a four dimensional representation of Gal(Q/Q) over OF,℘ with coefficients in
End(A/Q) =⊕σ∈Gal(H/Q)Hom(A,Aσ ).
3 p-adic Abel-Jacobi map
We use Proposition 2.1 to view the p-adic e´tale realization of the twisted motive V associated to f
and ψ in the middle e´tale cohomology of the associated Kuga-Sato varieties. For an integer n with
(n, pNNANψ) = 1, let
Ln = L1 ·Kn
be the compositum of the ring class field Kn of K of conductor n with the ray class field L1 of K of
conductor N . Consider the p-adic e´tale Abel-Jacobi map
CHr+1(W/Ln)0 −→ H1
(
Ln,H2r+1et
(
W ⊗Q,Zp(r+1)
))
,
where CHr+1(W/Ln)0 is the group of homologically trivial cycles of codimension r + 1 on W
defined over Ln, modulo rational equivalence. This map factors through er(CHr+1(W/Ln)0⊗Zp)
as the Abel-Jacobi map commutes with correspondences on W . Composing the Abel-Jacobi map
with the projectors er and eB and with m : V˜ −→V , we obtain a map
Φ f ,ψ ,Ln : er(CHr+1(W/Ln)0⊗Zp)−→ H1(Ln,V ),
which is T[Gal(Ln/Q)]-equivariant.
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Conjectures and motivation. Beilinson [1, Conjecture 5.9] predicts that
dimQ erCHr+1(W/K)0 = ords=r+1L( f ⊗θψ ,s).
Bloch and Kato [5] conjecture that
Φ f ,ψ ,K : erCHr+1(W/K)0⊗QQp −→ S⊗Zp Qp
is an isomorphism. As a consequence, one expects that
dimQp(S⊗Zp Qp) = ords=r+1L( f ⊗θψ ,s).
In certain settings to be relaxed in his forthcoming work, Shnidman [23, Remark X.2] relates
L′( f ⊗θψ ,r+1) to the complex valued height < · , ·>B of ∆ϕ1 defined by Beilinson [1], that is
L′( f ⊗θψ ,r+1) =< ∆ϕ1 , ∆ϕ1 >B
up to an explicit constant. However, it is worth noting that the pairing < · , ·>B is not known to be
non-degenerate.
Kolyvagin’s results [14] combined with those of Gross and Zagier [12] prove the Birch and
Swinnerton-Dyer conjecture for analytic rank less than or equal to 1. This is the particular case of
the Beilinson-Bloch-Kato conjectures where the modular form f is associated to an elliptic curve
and ψ is the trivial character. Nekova´rˇ’s results [17, 18] that correpond to the setting where ψ is
trivial provide further evidence towards a p-adic analog of the Beilinson-Bloch-Kato conjecture of
the form
dimQp(Im(Φ f ,K)⊗Zp Qp) = ords=r+1Lp( f ,s)
due to Perrin-Riou [6, section 2.8], [19]. Shnidman [23] relates the order of vanishing
ords=r+1Lp( f ⊗θψ ,s)
of the p-adic L-function at s = r+ 1 to the height of the image by the p-adic Abel-Jacobi map of
an appropriate generalized Heegner cycle of conductor 1. In this article, we prove that
dimQp(Im(Φ f ,ψ ,K)ψ ⊗Zp Qp) = 1.
4 Generalized Heegner cycles
We describe the construction of generalized Heegner cycles following Bertolini, Darmon and
Prasanna [4]. Consider pairs (ϕi,Ai) where Ai is an elliptic curve with level N structure and
ϕi : A −→ Ai
is an isogeny over K. Two pairs
(ϕi,Ai), (ϕ j,A j)
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are said to be isomorphic if there is a K-isomorphism α : Ai −→ A j satisfying α ◦ϕi = ϕ j. Recall
that N is an ideal of OK such that OK/N =Z/NZ. Let IsogN (A) denote the isomorphism classes
of pairs (ϕi,Ai) with ker(ϕi)∩A[N ] trivial. For (ϕi,Ai) in IsogN (A), we associate a codimension
r+1 cycle on W
ϒϕi = graph(ϕi)r ⊂ (A×Ai)r ≃ (Ai)r×Ar ⊂Wr ×Ar
and define a generalized Heegner cycle
∆ϕi = erϒϕi .
We view graph(ϕi) as a subset of Ai×A. Denote by DAi the element
(graph(ϕi)−0×A−deg(ϕi)(Ai×0)) in NS(Ai×A),
where NS(Ai × A) is the Ne´ron-Severi group of Ai × A. Then by an adaptation of [18, Para-
graph II.3.2], we have
∆ϕi = DrAi.
Let us assume that the index i of Ai indicates that End(Ai), which is an order in OK , has conductor
i. Then ∆ϕi is defined over the compositum of the abelian extension K˜ of K over which the iso-
morphism class of A is defined, with the ring class field Ki of conductor i. Since K˜ is the smallest
extension of K1 over which Gal(K/K˜) acts trivially on A[N ], it is equal to the ray class field L1 of
K of conductor N . Therefore, ∆ϕi is defined over
Li = L1Ki.
Hence,
∆ϕi belongs to CHr+1(W/Li).
In fact, ∆ϕi is homologically trivial on W as shown in [4, proposition 2.7]. In the rest of this section,
we consider elements (ϕi,Ai) and (ϕ j,A j) in IsogN (A).
Lemma 4.1. Consider the map
g× I : Ai×A−→ A j×A,
where g : Ai −→ A j is an isogeny of elliptic curves and I : A −→ A is the identity map. Then
(g× I)∗DAi = deg(g)
deg(ϕi)
deg(ϕ j)
DA j .
Proof. We denote the intersection pairing of two divisors by a dot. We have
(g× I)∗DAi · (g× I)∗DAi = deg(g)2DAi ·DAi,
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where
DAi ·DAi
= (graph(ϕi)−0×A−deg(ϕi)Ai×0) · (graph(ϕi)−0×A−deg(ϕi)Ai×0)
= graph(ϕi) ·graph(ϕi)+0×A ·0×A+deg(ϕi)Ai×0 ·deg(ϕi)Ai×0
−2graph(ϕi) ·0×A−2graph(ϕi) ·deg(ϕi)Ai×0+2deg(ϕi)Ai×0 ·0×A
= 0+0+0−2deg2(ϕi)−2deg(ϕi)+2deg(ϕi)
=−2deg2(ϕi).
In the previous computation, the equality graph(ϕi) ·graph(ϕi) = 0 follows from the implication
(x,ϕi(x)) = (x,ϕi(x)+P) =⇒ P = 0
for a translation of ϕi(x) by some quantity P. Hence,
(g× I)∗DAi · (g× I)∗DAi =−2deg(g)2 deg2(ϕi).
The induced map
(g× I)∗ : NS(Ai×A)−→ NS(A j×A)
respects the subgroups generated by complex multiplication cycles. Then, since
(g× I)∗DAi = kDA j ,
where A j = g(Ai) and k > 0, we have
(g× I)∗DAi · (g× I)∗DAi = k2DA j ·DA j =−2k2 deg2(ϕ j).
The equality −2deg(g)2 deg2(ϕi) =−2k2 deg2(ϕ j) then implies that
k = deg(g) deg(ϕi)deg(ϕ j)
,
and
(g× I)∗DAi = deg(g)
deg(ϕi)
deg(ϕ j)
DA j .
5 Euler system properties
We study certain global and local norm compatibilities of generalized Heegner cycles satisfying
the properties of Euler systems. We have OF ⊗Zp = ⊕℘i|pOF,℘i where OF,℘i is the completion of
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OF at the prime ℘i dividing p. Recall that V℘ = (Vf ⊗OF Vψ)℘ where ℘ is a prime of F dividing p.
For a Galois representation V ,
F(V )
will designate the smallest extension of F such that Gal(F/F(V )) acts trivially on V . We denote by
Frobv(F1/F2) the conjugacy class of the Frobenius substitution of the prime v ∈ F2 in Gal(F1/F2)
and by Frob∞(F1/Q) the conjugacy class of the complex conjugation τ in Gal(F1/Q). A rational
prime ℓ is called a Kolyvagin prime if
(ℓ,NDNANψ p) = 1 and aℓbℓ ≡ ℓ+1 ≡ a2ℓ −b2ℓ +4 ≡ 0 mod p. (2)
Let
L = K(µp)(V℘/p),
where µp is the group of p-th roots of unity. Condition (2) is equivalent to
Frobℓ (L/Q) = Frob∞ (L/Q) . (3)
Indeed, it is enough to compare the characteristic polynomial of the complex conjugation (x2 −
1)2 = x4−2x2 +1 acting on V℘/p with roots −1 and 1, each with multiplicity 2, with the twist by
r+1 of the characteristic polynomial of the Frobenius substitution at ℓ acting on V℘/p with roots
α1α3, α1α4, α2α3, and α2α4
satisfying
α1α2 = ℓ
r, α1 +α2 = bℓ, α3α4 = ℓr+1, α3 +α4 = aℓ.
The characteristic polynomial of Frob(ℓ) acting on V℘/p is
(x−α1α3)(x−α1α4)(x−α2α3)(x−α2α4)
= (x2− (α1α3 +α1α4)x+α21 α3α4)(x2 − (α2α3 +α2α4)x+α22 α3α4)
=
(
x2−α1aℓx+ ℓr+1α21
)(
x2−α2aℓx+ ℓr+1α22
)
We use the equality (α1 +α2)2 = α21 +α22 +2α1α2 that is b2ℓ −2ℓr = α21 +α22 to conclude that the
latter equals
x4− (α2aℓ+α1aℓ)x3 +
(
ℓr+1α21 + ℓ
r+1α22 +α1α2a
2
ℓ
)
x2
− ℓr+1(α1aℓα22 +α2aℓα21)x+ ℓ2r+2α21 α22
= x4−aℓbℓx3 +
(
ℓr+1b2ℓ −2ℓ2r+1 +a2ℓℓr
)
x2− ℓ2r+1aℓ(α1 +α2)x+ ℓ4r+2
= x4−aℓbℓx3 +
(
ℓr+1b2ℓ −2ℓ2r+1 +a2ℓℓr
)
x2− ℓ2r+1bℓaℓx+ ℓ4r+2.
To twist this characteristic polynomial by ℓr+1, it is enough to map x 7→ ℓr+1x. We obtain
ℓ4r+4x4−aℓbℓℓ3r+3x3 + ℓ2r+2
(
ℓr+1b2ℓ −2ℓ2r+1 +a2ℓℓr
)
x2− ℓ3r+2bℓaℓx+ ℓ4r+2
= ℓ4r+4
(
x4− aℓbℓ
ℓr+1
x3 +
ℓr+1b2ℓ −2ℓ2r+1+a2ℓℓr
ℓ2r+2
x2− bℓaℓ
ℓr+2
x+
1
ℓ2
)
.
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On the one hand, using the congruences
aℓbℓ ≡ ℓ+1 ≡ a2ℓ −b2ℓ +4 ≡ 0 mod p,
we find that the characteristic polynomial
x4−2x2 +1
of the complex conjugation τ acting on V℘/p is congruent to the characteristic polynomial of
Frob(ℓ) acting on V℘/p. On the other hand, comparing the action of the Frobenius element Frobℓ
and the complex conjugation τ on ζp, where ζp is a p-th root of unity, we obtain
ζ ℓp = Frobℓ(ζp) = Frob∞(ζp) = ζ−1p .
This implies that ℓ≡−1 mod p. As a consequence, Condition (2) is necessary to satisfy Equality
(3).
Let n = ℓ1 · · ·ℓk be a squarefree integer where ℓi is a Kolyvagin prime for i = 1, · · · ,k. The
Galois group Gal(Kn/K1) is the product over the primes ℓ dividing n of the cyclic groups
Gℓ = Gal(Kℓ/K1)
of order ℓ+1. We denote by σℓ a generator of Gℓ. The extensions L1 and Kn are disjoint over K1.
Indeed, if I = L1∩Kn is a non-trivial extension of K1, then Gal(I/K1) = ∏ℓi j Gal(Kℓi j /K) for some
ℓi j dividing n. This implies that the primes ℓi j ramify in I and hence also in L1, a contradiction
since (n,N) = 1. Hence
Gn = Gal(Ln/L1)≃ Gal(Kn/K1).
The Frobenius condition on ℓ implies that it is inert in K. Denote by λ the unique prime in K
above ℓ. Writing n as n = ℓm, we have that λ splits completely in Lm since it is unramified in Lm
and has the same image as Frob∞(L/K) = τ2 = Id by the Artin map. A prime λm of Lm above λ
ramifies completely in Ln. We denote by λn the unique prime in Ln above λm. Consider the image
of ∆ϕn by the Abel-Jacobi map
Φ f ,ψ ,Ln : er(CHr+1(W/Ln)0⊗Zp)−→ H1(Ln,V ).
Proposition 5.1. Consider (An,ϕn) ∼ (Am,ϕm) ∈ IsogN (A) where n = ℓm for an odd prime ℓ.
Then
Tℓ Φ f ,ψ ,Lm(∆ϕm) = corLn,Lm Φ f ,ψ ,Ln(∆ϕn) = aℓbℓΦ f ,ψ ,Lm(∆ϕm).
Proof. By [21, corollary 11.4],
Tℓ(∆ϕm) = ∑
ni
∆ϕni ,
where the generalized Heegner cycles ∆ϕni correspond to elements
(Ani ,ϕni)∼ (Am,ϕm)
12
in IsogN (A) for elliptic curves Ani that are ℓ-isogenous to Am respecting level N structure. These
elliptic curves Ani correspond to gAm where
g ∈Gal(Ln/Lm)≃ Gal(Kn/Km)≃ Gal(Kℓ/K1).
Hence
∑
ni
∆ϕni = ∑
g∈Gal(Ln/Lm)
g∆ϕn = corLn,Lm(∆ϕn) = aℓbℓ∆ϕm ,
where the last equality follows from the action of Tℓ on V . Finally, we apply the p-adic Abel-Jacobi
map which commutes with Tℓ to obtain Tℓ Φ f ,ψ ,Lm(∆ϕm) = corLn,Lm Φ f ,ψ ,Ln(∆ϕn).
For an element c∈H1(F,M), we denote by resv(c)∈H1(Fv,M) the image of c by the restriction
map H1(F,M)−→ H1(Fv,M) induced from the inclusion
Gal(Fv/Fv) →֒ Gal(F/F).
Proposition 5.2. Consider (An,ϕn)∼ (Am,ϕm) ∈ IsogN (A) where n = ℓm. Then
resλn Φ f ,ψ ,Ln(∆ϕn) = k Frobℓ(Ln/Lm) resλmΦ f ,ψ ,Lm(∆ϕm)
for k = ℓ deg(ϕi)deg(ϕ j) .
Proof. Since λm completely ramifies in Ln, we have
OLm/λm ≃ OLn/λn,
which is isomorphic to the finite field with ℓ2 elements as ℓ is inert in K. As a consequence, the
reductions of the elliptic curves An and Am at λn and λm are supersingular. Hence the ℓ-isogeny
from An to Am reduces to the Frobenius morphism Frobℓ. Therefore, we have Frobℓ(Am) ≡ An
mod λn. By Proposition 4.1, this implies
(Frobℓ× I)∗DAm ≡ k DAn mod λn
where k = ℓ deg(ϕi)deg(ϕ j)
from which the result follows.
6 Kolyvagin cohomology classes
We denote by
Φ f ,ψ ,Ln(∆ϕn)℘∈ H1(Ln,V℘)
the image of Φ f ,ψ ,Ln(∆ϕn) ∈ H1(Ln,V ) by the map H1(Ln,V )−→ H1(Ln,V℘) induced by the pro-
jection V →V℘. Let
yϕn = red(Φ f ,ψ ,Ln(∆ϕn)℘) ∈ H1(Ln,V℘/p)
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be the image of Φ f ,ψ ,Ln(∆ϕn)℘∈H1(Ln,V℘) by the map H1(Ln,V℘)−→H1(Ln,V℘/p) induced by
the projection V℘ → V℘/p. We use certain operators (4) defined by Kolyvagin in order to lift the
cohomology classes yϕn ∈ H1(Ln,V℘/p) to Kolyvagin cohomology classes P(ϕn) ∈ H1(K,V℘/p),
for appropriate n.
Lemma 6.1. For all n,
H0(Ln,V℘/p) = H0(L1,V℘/p) = 0
and Gal(Ln(V℘/p)/Ln)≃Gal(L1(V℘/p)/L1)
Proof. The extensions Ln/L1 and L1(V℘/p)/L1 are unramified outside primes dividing n and
NANψN p. Therefore, Ln∩L1(V℘/p) is unramified over L1 and is hence contained in L1, the maxi-
mal unramified extension of K of conductor N . Hence,
H0(Ln,V℘/p) = H0(L1,V℘/p).
The result follows from the assumption that V℘/p is a simple AutL1(V℘/p)-module and Gal(L1/L1)
does not act trivially on V℘/p.
Proposition 6.2. The restriction map
resL1,Ln : H
1(L1,V℘/p)−→ H1(Ln,V℘/p)Gn
is an isomorphism.
Proof. Recall that Gn = Gal(Ln/L1) and let G = Gal(Q/Ln). The result follows from the inflation-
restriction sequence
0 → H1(Ln/L1,(V℘/p)G) in f−−→ H1(L1,V℘/p) res−→ H1(Ln,V℘/p)Gn → H2(Ln/L1,(V℘/p)G),
since H0(Ln,V℘/p) = 0 by Lemma 6.1.
Let
Trℓ =
ℓ
∑
i=0
σ iℓ, Dℓ =
ℓ
∑
i=1
iσ iℓ in Z[Gℓ]. (4)
They are related by
(σℓ−1)Dℓ = ℓ+1−Trℓ. (5)
Define
Dn =∏
ℓ|n
Dℓ ∈ Z[Gn].
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Proposition 6.3.
Dnyϕn ∈ H1(Ln,V℘/p)Gn .
Proof. It is enough to show that for all ℓ dividing n,
(σℓ−1)Dnyϕn = 0.
We have
(σℓ−1)Dn = (σℓ−1)DℓDm = (ℓ+1−Trℓ)Dm,
where the last equality follows by Relation (5). Since resLm,Ln ◦ corLn,Lm = Trℓ,
(ℓ+1−Trℓ)Dmred(Φ f ,ψ ,Ln(∆ϕn)℘)
= (ℓ+1)Dmred(Φ f ,ψ ,Ln(∆ϕn)℘)−Dmaℓbℓred(Φ f ,ψ ,Lm(∆ϕm)℘)
≡ 0 mod p.
by Proposition 5.1 and Condition 2.
As a consequence, the cohomology classes Dnyϕn ∈ H1(Ln,V℘/p)Gn can be lifted to cohomol-
ogy classes c(ϕn) ∈H1(L1,V℘/p) such that
resL1,Lnc(ϕn) = Dnyϕn .
We define
P(ϕn) = corL1,Kc(ϕn) in H1(K,V℘/p).
For a place v of K and a cohomology class c in H1(K,V℘/p), we denote by resv(c) the image of c
by the map H1(K,V℘/p)−→ H1(Kv,V℘/p) induced by the inclusion GKv →֒ GK .
Proposition 6.4. Let v be a prime of L1.
1. If v|NANψN, then resv(P(ϕn)) is trivial.
2. If v ∤ NANψNnp, then resv(P(ϕn)) lies in H1(Kurv /Kv,V℘/p).
Proof. 1. We denote by
V℘/pdual = Hom(V℘/p,Z/pZ(1))
the local Tate dual of V℘/p. The local Euler characteristic formula [16, Section 1.2] yields
|H1(Kv,V℘/p)|= |H0(Kv,V℘/p)|× |H2(Kv,V℘/p)|.
Local Tate duality then implies
|H1(Kv,V℘/p)|= |H0(Kv,V℘/p)|× |H0(Kv,V℘/pdual)|= |H0(Kv,V℘/p)|2
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as V℘/p is self-dual. The Weil conjectures and the assumption on Fr(v) imply that
((V℘/p)Iv)Fr(v) = 0
where < Fr(v)> = Gal(Kurv /Kv) and I = Gal(Kv/Kurv ) is the inertia group. Therefore,
H0(Kv,V℘/p) = ((V℘/p)Iv)Fr(v) = 0.
2. If v does not divide NANψNnp, then
resL1,v,Ln,v′ resvc(ϕn) = resv′Dnyn ∈H1(Ln,v′/Ln,v′ ,V℘/p)
for v′ above v in Ln. The exact sequence
· · · −→ H1(Lurn,v′/Ln,v′ ,(V℘/p)Iv)−→ H1(Ln,v′ ,V℘/p) res−→ H1(Ln,v′/Lurn,v′ ,V℘/p)−→ ·· ·
allows us to view the cohomology class resv′Dnyn that belongs to Ker(res) as an element in
H1(Lurn,v′/Ln,v′ ,V℘/p).
Since v is unramified in Ln/L1, then resvc(ϕn) belongs to H1(Lur1,v/L1,v,V℘/p).
7 Global extensions by Kolyvagin classes
We consider the restriction d of an element c of H1(K,V℘/p) to H1(L,V℘/p). Then d factors
through some finite extension ˜L of L. We denote by
L(c) = ˜Lker(d)
the subfield of ˜L fixed by ker(d). Note that L(c) is an extension of L. In this section, we study
extensions of L by Kolyvagin cohomology classes c and P(ϕq), where P(ϕq) will play a crucial
role in the proof of Theorem 1.1. We recall the statement of the theorem.
Theorem 1.1. Let p be such that
(p,NDφ(N)NA) = 1.
Suppose that V℘/p is a simple AutL1(V℘/p)-module and suppose that Gal(L1/L1) does not act
trivially on V℘/p. Suppose further that the eigenvalues of Fr(v) acting on V Iv℘ are not equal to 1
modulo p for v dividing NNANψ . If P(ϕ1)ψ is non-zero in H1(K,V℘/p)ψ , then the ψ-eigenspace
of the Selmer group Sψ has rank 1 over OF,℘/p.
Recall that L = K(µp)(V℘/p).
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Lemma 7.1. We have
H1(AutK(V℘/p),V℘/p) = H1(L/K,V℘/p) = 0.
Proof. First note that if p ∤ |AutK(V℘/p)|, then
H1(AutK(V℘/p),V℘/p) = 0.
If p divides |AutK(V℘/p)|, then since V℘/p is irreducible as an AutK(V℘/p)−module, Dickson’s
lemma [24, Theorem 6.21] implies that AutK(V℘/p) contains SL2(Fq) for some q. In particular, it
contains 2I where I is the identity map. Sah’s lemma [15, 8.8.1] states that if G is a group, M a
G-representation, and g an element of Center(G), then the map x −→ (g−1) x is the zero map on
H1(G,M). Therefore, by Sah’s lemma, the map x 7→ (2I− I)x = Ix is the zero map on
H1(AutK(V℘/p),V℘/p)
implying that H1(AutK(V℘/p),V℘/p) = 0. As a consequence, H1(K(µp)(V℘/p)/K,V℘/p) = 0
since p does not divide |Gal(K(µp)/K)|= p−1.
We denote the Galois group Gal(L/K) by G. The restriction map
r : H1(K,V℘/p)−→ H1(L,V℘/p)G = HomG(Gal(Q/L),V℘/p)
has kernel
Ker(r) = H1(L/K,V℘/p) = 0
by Lemma 7.1. Consider the evaluation pairing
[ , ] : r(S)×Gal(Q/L)−→V℘/p. (6)
We denote by GalS(Q/L) the annihilator of r(S). Let LS be the extension of L fixed by GalS(Q/L)
and GS the Galois group Gal(LS/L).
Remark 7.2. The element P(ϕ1) belongs to S by Proposition 6.4. Also, L(P(ϕ1)) is a subfield of
LS. Indeed, assume ρ ∈GalS(Q/L), then [s,ρ ] = 0 for all s ∈ S. Hence, P(ϕ1) defines a cocycle of
S by
ρ −→ ρ(P(ϕ1))−P(ϕ1) = 0.
This implies that ρ fixes L(P(ϕ1)), a subfield of LS.
Proposition 7.3. There is a Kolyvagin prime q such that
resβ P(ϕ1)ψ 6= 0,
where β is a prime dividing q in K.
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Proof. By Ceboratev’s density theorem, there is a Kolyvagin prime q such that
Frobq(LS/Q) = τh, h1+τ /∈ Gal(LS/L(P(ϕ1)ψ))
for some h in Gal(LS/L). The restriction of τh to L is indeed τ . Let β be a prime of L above q.
Since Frobβ (L(P(ϕ1)ψ)/L) = (τh)2 does not fix P(ϕ1)ψ , β is not in the kernel of the Artin map.
Hence β does not split completely in L(P(ϕ1)ψ). Therefore, resβ P(ϕ1)ψ 6= 0.
Consider the following extensions
H0 = H1H2
H1 = L(P(ϕ1))
99ssssssssssssss
H2 = L(P(ϕq))
ee❑❑❑❑❑❑❑❑❑❑❑❑❑❑
L = K(µp)(V℘/p)
V2
99ssssssssssssss
V1
ee❑❑❑❑❑❑❑❑❑❑❑❑❑❑
V0
OO✤
✤
✤
✤
✤
✤
✤
✤
✤
where q is a Kolyvagin prime satisfying
resβ P(ϕ1)ψ 6= 0
for some β in L above q (see Proposition (7.3)). We define
Vi = Gal(Hi/F) for i = 0,1,2.
An automorphism of L(P(ϕ1))/L corresponds to the multiplication of the generators of L(P(ϕ1))
over L by an element of (V℘)p ≃V℘/p. Hence
V1 = Gal(L(P(ϕ1))/L)≃V℘/p.
Similarly, we have V2 ≃V℘/p. We recall that h is the class number of K, and a1, · · · ,ah are a set of
representatives of the ideal classes of OK . For a cohomology class c in H1(K,V℘/p), we defined
cψ =
1
h
h
∑
i=1
ψ−1(ai) ai · c,
where ai ·c is the image of c by the map H1(K,V℘/p)−→ H1(K,V℘/p
/
V℘/p [ai]) induced by the
projection map
V℘/p −→V℘/p
/
V℘/p [ai].
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Note that cψ is independent of the choice of representatives a1, · · · ,ah. Furthermore, (cψ)ψ = cψ
lies in H1(K,V℘/p)ψ . We denote by
Hψ1 = L(P(ϕ1)ψ), H
ψ
1 = L(P(ϕ1)ψ), H
ψ
2 = L(P(ϕq)ψ), H
ψ
2 = L(P(ϕq)ψ),
and we let
V ψi = Gal(H
ψ
i /Hi), V
ψ
i = Gal(H
ψ
i /Hi), for i = 1,2.
We will show that
Hψ1 ∩Hψ2 = L.
Lemma 7.4. There is an isomorphism of OF,℘/p-modules
H1(Kurλ /Kλ ,V℘/p)−→ H1(Kurλ ,V℘/p)
mapping resλ P(ϕmℓ) to resλ P(ϕm). Also, resλ P(ϕℓ) is ramified.
Proof. This is an adaptation of [8, Section 5] that uses the properties of the Euler system considered
in Proposition 5.1 and Proposition 5.2.
Recall that τ denotes complex conjugation.
Proposition 7.5. The extensions Hψ1 and H
ψ
2 are linearly disjoint over L.
Proof. Linearly independent cocycles c1 and c2 of H1(K,V℘/p) over OF,℘/p can be viewed by
Lemma (7.1) as linearly independent homomorphisms h1 and h2 in HomGal(L/K)(L,V℘/p) over
OF,℘/p. Linearly independent homomorphisms h1 and h2 induce linearly disjoint extensions
LKer(h1) and LKer(h2) of L. Hence, if H1 and H2 were not linearly disjoint over L, we would have that
u1c1 +u2c2 = 0, for some u1,u2 in (OF,℘/p)∗,
where
c1 = P(ϕ1)ψ and c2 = P(ϕq)ψ .
Lemma (7.4) implies that resβ P(ϕq)ψ is ramified for β ∈K dividing q and provides an isomorphism
sending resβ P(ϕq)ψ to resβ P(ϕ1)ψ . The latter implies by Proposition (7.3) that resβ P(ϕq)ψ is non-
zero. This is inconsistent with the equality u1c1+u2c2 = 0 since the nontrivial cocycles c1,c2 have
different ramification properties.
8 Complex conjugation
We study the action of complex conjugation on the image by the p-adic Abel-Jacobi map of gener-
alized Heegner cycles. Recall that DA j is the element
(graph(ϕ j)−0×A−deg(ϕ j)(A j×0)) in NS(A j×A).
In this section, we write DA j,ϕ j instead of DA j alone in order to keep track of the underlying map
ϕ j.
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Lemma 8.1. There is an element σ in Gal(K j/K) such that
τΦ(∆ϕ j)℘ = (−1)
r+2
2 εL Nr/2 deg−r(σ)σΦ(∆ϕ j)℘,
where εL is the sign of the functional equation of L( f ,s).
Proof. We have that (τ× I)∗(DA j,ϕ j ) = Dτ(A j),ϕ j . Article [10] shows that τA j =WN(σA j) for some
σ in G(K j/K), hence
(τ × I)∗(DrA j ,ϕ j) = Drτ(A j),ϕ j = DrWN(σA j),WN◦σ◦ϕ j .
Consider the map
W × I : WN ×A−→WN ×A : ((E,P),A)−→ ((E/〈P〉,P′),A),
where P′ is such that the Weil pairing < P,P′> of P with P′ satisfies <P,P′>= ζN for some choice
ζN of an N-th root of unity ζN . Note that W has degree N. Also,
W∗ f (τ)dτ dz = (−1) r+22 εL Nr/2 f (τ)dτ dz.
This implies as in [17, Proposition 6.2] that
(W × I)∗DrWN(σA j),WN◦σ◦ϕ j = (−1)
r+2
2 εL Nr/2DrWN(σA j),WN◦σ◦ϕ j ,
while Proposition 4.1 implies that the former equals Nr deg
r(ϕi)
degr(ϕ j)
DrσA j,σ◦ϕ j . Hence,
DrWN(σA j),WN◦σ◦ϕ j = (−1)
r+2
2 εL k1 Nr/2DrσA j,σ◦ϕ j ,
where k1 =
degr(ϕi)
degr(ϕ j)
. Applying Proposition 4.1 to the map (σ × I), we obtain
(σ × I)∗(DrA j ,ϕ j) = k2DrσA j,σ◦ϕ j ,
where k2 = degr(σ)
degr(ϕi)
degr(ϕ j)
= degr(σ) k1. Hence,
(τ× I)∗(DrA j,ϕ j) = DrWN(σA j),WN◦σ◦ϕ j = (−1)
r+2
2 εL Nr/2 deg−r(σ)(σ × I)∗(DrA j ,ϕ j).
Therefore
τΦ(∆ϕ j)℘ = (−1)
r+2
2 εL Nr/2 deg−r(σ)σΦ(∆ϕ j)℘.
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Lemma 8.2. Let ε = (−1) r+22 εL and k = deg−r(σ) Nr/2. Then
τP(ϕ1)ψ = εkσP(ϕ1)ψ and τP(ϕq)ψ =−εkσP(ϕq)ψ .
Proof. For an element c in H1(K,V℘/p), we have that
τ · cψ = 1h
h
∑
i=1
ψ−1(ai) τ · (ai · c) = 1h
h
∑
i=1
ψ−1(ai) τ(ai · c)τ−1 = 1h
h
∑
i=1
ψ−1(ai) ai · τcτ−1 = (τc)ψ .
For c = P(ϕ j) and σ in Gal(K j/K), we have that
σ · cψ = 1h
h
∑
i=1
ψ−1(ai) σ · (ai · c) = 1h
h
∑
i=1
ψ−1(ai) σ(ai · c)σ−1 = 1h
h
∑
i=1
ψ−1(ai) ai ·σcσ−1 = (σc)ψ .
Hence
τP(ϕ1)ψ = (τP(ϕ1))ψ = εkσP(ϕ1)ψ .
The identity τDq =−Dqτ indicates that
τP(ϕq)ψ = (τP(ϕq))ψ =−εkσP(ϕq)ψ .
For (v11,v12,v21,v22) in V ψ1 V
ψ
1 V
ψ
2 V
ψ
2 ,
τ(v11,v12,v21,v22)τ = (εkστv12,εkστv11,−εkστv22,−εkστv21).
We define
U0 = {(v11,v12,v21,v22) | εkστv1i + v1i,−εkστv2 j + v2 j, i, j = 1,2 generate V℘/p}.
Then U+0 generates V
+
0 . We let
L(U0) = {ℓ rational prime | Frobℓ(H0/Q) = [τu],u ∈U0}.
9 Local to Global study
Local Tate duality. Let Kλ be a local field with residue field Fq and let A be a finite group with
an unramified action of Gal(Kλ/Kλ ) killed by a prime p. Assume p divides q−1 so that µp ⊂ Kλ
and let A′ = Hom(A,µp). We denote by Ktλ , the maximal tamely ramified extension of Kλ , and
by H1ur(Kλ ,∗), the group H1(Kurλ /Kλ ,∗). The natural pairing A×A′ −→ µp yields the cup product
pairing
H1(Kλ ,A)×H1(Kλ ,A′)−→ H2(Kλ ,µp) = Z/pZ
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which induces a perfect local Tate pairing
H1(Kurλ /Kλ ,A)×H1(Kλ ,A′)/H1(Kurλ /Kλ ,A)−→ Z/pZ.
Let
α : H1(Kurλ /Kλ ,A)
∼−→ A/(φ −1)A
be the evaluation map at the Frobenius element φ where
Gal(Kurλ /Kλ ) =< φ > .
Then α is an isomorphism. The exact sequence of Galois groups
0 −→ Gal(Kλ/Ktλ )−→ Gal(Kλ/Kurλ )−→ Gal(Ktλ/Kurλ )−→ 0
induces the exact sequence
H1(Ktλ/K
ur
λ ,A
′)−→ H1(Kurλ ,A′)−→ H1(Ktλ ,A′)−→ 0,
where H1(Ktλ ,A
′) = 0 since Gal(Kλ/Ktλ ) is a pro-q group. Therefore,
H1(Kurλ ,A
′)≃ H1(Ktλ/Kurλ ,A′)≃ Hom(Z/pZ(1),A′)≃ Hom(µp,A′).
Hence we have an isomorphism
H1(Kurλ ,A
′) ∼−→ Hom(µp,A′).
The exact sequence of Galois cohomology groups
0−→ H1(Kurλ /K,A′)−→ H1(Kλ ,A′)−→ H1(Kurλ ,A′)φ −→ 0
allows us to identify H1(Kλ ,A′)/H1(Kurλ /Kλ ,A
′) with
H1(Kurλ ,A
′)φ ≃Hom(µp,A′)φ .
Hence, we obtain a perfect local pairing
〈 · , · 〉λ : H1(Kurλ /Kλ ,A)×H1(Kurλ ,A′)φ −→ Z/pZ.
Set up of the proof. Given a Kolyvagin prime ℓ, the Frobenius condition implies that it is inert
in K. We denote by λ the prime of K lying above ℓ. We have a perfect local pairing
〈 . , . 〉λ : H1(Kurλ /Kλ ,(V℘/p)Iλ )×H1(Kurλ ,V℘/p)−→ Z/p,
where Iλ = Gal(Kλ/Kurλ ) and OF,℘-linear isomorphisms
{H1(Kurλ ,V℘/p)}dual ≃ H1(Kurλ /Kλ ,(V℘/p)Iλ )≃ (V℘/p)Iλ /(φ −1), (7)
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where φ generates Gal(Kurλ /Kλ ). We denote by
resλ : H1(K,V℘/p)−→ H1(Kλ ,V℘/p)
the restriction map from H1(K,V℘/p) to H1(Kλ ,V℘/p) induced by the embedding
Gal(Kλ/Kλ ) →֒ Gal(K/K).
Restricting the domain of resλ to the Selmer group S, we obtain
resλ : S −→ H1(Kurλ /Kλ ,(V℘/p)Iλ ).
Taking the Z/pZ-dual of this map, we obtain a homomorphism
ωℓ : H1(Kurλ ,V℘/p)−→ Sdual .
We denote
Xℓ = ωℓ(H1(Kurλ ,V℘/p))
in Sdual . We aim to bound the size of Sdual,ψ by studying the set
{Xψℓ }ℓ∈L(U0).
Proposition 9.1. The modules {Xℓ}ℓ∈L(U0) generate Sdual .
Proof. Let G = Gal(L/K). Consider an element s of S. The restriction map
H1(K,V℘/p)
res−→ H1(L,V℘/p)G
is injective by Lemma (7.1) as
Ker(res) = H1(L/K,V℘/p) = 0.
We identify s with its image by restriction in
H1(L,V℘/p)G ⊂ HomG(L,V℘/p).
We will show that
{resλ}ℓ∈L(U0) : S −→ {H1(Kurλ /Kλ ,(V℘/p)Iλ )}ℓ∈L(U0)
is injective. As a consequence, the induced map between the duals
{H1(Kurλ ,V℘/p)}ℓ∈L(U0) −→ Sdual
is surjective. Hence, it is enough to show that resλ (s) = 0 for all ℓ ∈ L(U0) implies s = 0. Consider
H˜0, the minimal Galois extension of Q containing H0 such that s factors through Gal(H˜0/L). Let
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x be an element of Gal(H˜0/L) such that x|H0 belongs to U0. By Cebotarev’s density theorem,
there exists ℓ in L(U0) such that Frobℓ(H˜0/Q) = [τx]. The hypothesis resλ (s) = 0 implies that
s(FrobλL(H˜0/L)) = 0 for λL above ℓ in L since FrobλL(H˜0/L) is a generator of Gal(H˜0,λH˜0/LλL),
where λH˜0 is above λL in H˜0. In fact,
FrobλL(H˜0/L) = (τx)
|D(L/Q)| = (τx)2 = xτ x = (x+)2,
where |D(L/Q)| is the order of the decomposition group D(L/Q), also the order of the residue
extension. Therefore, s(x+) = 0 for all x ∈ Gal(H˜0/L) such that x|H0 belongs to U0. Since U+0
generates V+0 , we have that s vanishes on Gal(H˜0/L)+. Hence, Im(s) lies in V℘/p−, the minus
eigenspace of V℘/p for the action of τ . In particular, it cannot be a proper G-submodule of V℘/p.
Proposition 9.2. The elements
resλ P(ϕℓ)ψ and resλ P(ϕℓq)ψ
generate H1(Kurλ ,V℘/p)
ψ
.
Proof. We have
H1(Kurλ ,V℘/p) ≃V℘/p(Kλ )
by (7). The module V℘/p(Kλ )ψ is of rank 2 over OF,℘/p, hence, so is H1(Kurλ ,V℘/p)ψ . The
Frobenius condition on ℓ implies that
g1 = resλ P(ϕ1)ψ and g2 = resλ P(ϕq)ψ
are linearly independent in H1(Kurλ ,V℘/p)
ψ over OF,℘/p. Indeed, if they were linearly dependent,
then
g(τx11)
2
1 −g1, and g(τx21)
2
2 −g2
where Frobℓ(H0/Q) = τu = (τx11,τx12,τx21,τx22) would also be linearly dependent. The Frobe-
nius condition implies that
{Frobℓ(Hi/L) = xτi1xi1 = (τxi1)2, i = 1,2}
generate (V℘/p), which yields a contradiction since (τx11)2 acts on resλ P(ϕ1)ψ which generates
Hψ1 by g
(τx11)2
1 −g1 and (τx21)2 acts on resλ P(ϕq)ψ which generates Hψ1 by g(τx21)
2
2 −g2. Therefore,
by Lemma (7.4), resλ P(ϕℓ)ψ and resλ P(ϕℓq)ψ are linearly independent in H1(Kurλ ,V℘/p)ψ over
OF,℘/p.
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10 Reciprocity law and local triviality
In this section, we use the local reciprocity law as well as the local properties of the Kolyvagin
cohomology classes P(ϕn) to study the modules Xℓ for ℓ in L(U0).
Proposition 10.1. We have
∑
λ |ℓ|n
< s
ψ
λ ,resλ P(ϕn)
ψ >λ= 0.
Proof. The proof follows [17, proposition 11.2(2)] where both the reciprocity law and the ramifi-
cation properties of P(ϕn) in proposition 6.4 are used.
Proposition 10.2. 1. The element ωℓ(resλ P(ϕℓ)ψ) vanishes in Xψℓ for ℓ in L(U0).
2. The modules {Xψℓ }ℓ∈L(U0) are generated over OF,℘/p by ωq(resβ P(ϕℓ0q)ψ).
3. The module Sψ is of rank 1 over OF,℘/p.
Proof. 1. Recall that λ is the prime above ℓ in K. The image of resλ P(ϕℓ)ψ by the map
ωℓ : H1(Kurλ ,V℘/p)
ψ −→ Xψℓ
is the homomorphism
S −→ Z/pZ : sψ 7→ < sψλ ,P(ϕℓ)
ψ
λ >λ .
Proposition 10.1 implies that
< s
ψ
λ ,P(ϕℓ)
ψ
λ >λ= 0.
Hence, the image by ωℓ of resλ P(ϕℓ)ψ , one of the two generators of H1(Kurλ ,V℘/p)ψ by proposi-
tion 9.2 vanishes.
2. Let β be the prime above q in K. Proposition (10.1) implies that
< s
ψ
λ ,P(ϕℓq)
ψ
λ >λ +< s
ψ
β ,P(ϕℓq)
ψ
β >β= 0.
Hence,
ωℓ(resλ P(ϕℓq)ψ)+ωq(resβ P(ϕℓq)ψ) = 0.
Therefore, Xψℓ is generated by ωq(resβ P(ϕℓq)ψ) for all ℓ ∈ L(U0). As a consequence,
{Xψℓ }ℓ∈L(U0) ⊆ Xψq ,
where the rank one module Xψq is generated over OF,℘/p by ωq(resβ P(ϕℓ0q)ψ) for some ℓ0 in
L(U0).
3. By proposition (9.1), the set {Xψℓ }ℓ∈L(U0) generates Sdual,ψ . Furthermore, P(ϕ1)ψ belongs to Sψ
by Proposition (6.4) and is non-zero by the hypothesis on P(ϕ1)ψ and Proposition (8.2). Therefore,
rank(Sψ) = rank(Sdual,ψ ) = 1
over OF,℘/p.
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